(»calculate the equation of photon motion firstx)
(xupper index metric, lower index momentumx)
ClearAll["Global x"];

_((azﬂur-z)z-az (a?-2r+r?) Sin[e]z) 2ar

glJ = {{ » 9,0, - }:

(r?+a’Cos[e]?) (a®-2r+r?) (r?+a?Cos[6]?) (a®-2r+r?)

, o},

{ 2ar (a?-2r+r?) -a’sin[e]?

a’-2r+r? 1
{0, —_—, 9, 0}) {05 0,

r?+aCos[o]? r?+a?Cos[0]?

;0,0 1
(r? +a®cCos[0]?) (a®-2r+r?) (r?+a%cCos[e]%) (a®-2r+r?) sin[e]?
p = {pt, pr, pe, po};

1
H= > (Sum[gij[i, j1 « p[il ~ p[Jl, {i, 1, 4}, {J, 1, 4}1);

du = {td, rd, ed, ¢d, prd, ped};
td = D[H, pt] // Simplify;

rd

D[H, pr] // Simplify;
ed = D[H, pe] // Simplify;
¢d = D[H, p¢] // Simplify;

prd = -D[H, r] // Simplify;

ped = -D[H, 6] // Simplify;

Deom = du /.

{pt » -EE, p¢ » LL, t > t[A], r> r[A], 6> 6[A], ¢ > @®[A], pr-> pr[A], p6 » po[A]}
Print["--—-——— - Done
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-a*EE+2allr[A] -2a”EEr[A]2-EEr[A]*+a”EE (@ + (-2+r[A]) r[A]) Sin[o[A]]?
Out[=]= - ]
{ (a*+ (-2+r[a]) r[A]) (a®Cos[O[A]]%+r[A]?)

prix] (@®+ (-2+r[A]) r(A]) po ]

B

a2Cos[O[A]]%2+r[A]? ’ a?Cos[O[A]]1%2+r[A]2

~a (alL-2EEr[a]) +LLCsc[O[A]]? (@®+ (-2+r[A]) r[A])

)

(a%+ (-2+r[a]) r[A]) (a®Cos[O[A]]%+r[A]?)
(—aZCos[e[)L]]z(2a3EELL—2aEELLr'[)L]2+pr‘[M2(—2+r‘[k])2(—1+r‘[)u])r‘[/\]z—

EE* (-3+r[2]) r(aA]*+a* (pr(A]? (-1+r[A)) —EE® (1+r[2])) +

a® (-1+r[A]) (LL>+2r[A] (pr(A]? (-2+r[2]) -EEr(A]))) +

rA] (—a'sEEZ—a4LL2+a6pr'[)L]2+a4p9[)L]2+3a4EE2r'[A] +2a>EELLr[A] +

3a’Lllr[a] -5a%priA)?r(A] —4a%po[A]ir[A] -2a*EE® r[A])?-8aEELLr[A]?-

2a%LL2r )2 +8a%prial2r[al2+2a%prin]2r[A]2+4po[A]ir[n]%+

2a’po[al?rA]?+2a’EE?r[A]®+6a@EELLr[A]2 —4pr(A]®r[a]3-6a’pr(A)2r[a]® -
4apo[a)?ria]®-a?EE2r[ % +4pr A ir 0t + @2 pr At r [t s pe [ Er[A)f -

EE2r‘[)t]s—pr‘[/\}zr‘[ﬂs+LL2CSC[G[M]2(a2+(—2+r‘[)t])r‘[k})2+

a? EE2 (a2+(—2+r[k})P[A])zsin[e[l]]z))/
((a2+(—2+r‘[/\})P[A])z(aZCos[e[A]}2+r'[)L]2)2),

1
(aZLLZCot[Q[)L]]3 (a®+ (-2+r[A]) P[A]) + — LL*Cot[e[A]] Csc[6[A] ]2
2

(a®+ (-2+r[a]) r[(a]) (-a*+a’Cos[26[A]] +2r[A]?) -a®Cos[6[A]]
(a*pria]?+4aEELLr(A] +a® (-LL2+po[A]?-2EE r[A] +2pr[A]? (-2+r[A]) r[A]) +

r[a] (pe[a)? (-=2+r[a]) +r[A] (pria]? (-2+r[a])?-2EE%r(A]))) Sin[e[/\]])/

((a2+ (-2+r[A]) riA]) (aZCos[e[A]}2+P[A]2)2)}

(*Kerr metrics)
ClearAll [MetricDown];

MetricDown[a_][{t_, r_,6_, ¢_}] := Module[{tt, rr, 66, ¢¢, to, =, A},

= =r?+a’cCos[6]%;
A=r2—2r‘+a2;
tt=-(1-(2r) /3);

rr=3/A;

66:2;

¢ = (r?+a’+ (1/2) ~2a*rsin[e]?) sin[e]%;
t¢=-(1/%) ~2arsin[e]?;

tt o o0 t¢

@ rr 0 0 |7,

© 0 o0 © ]’

t¢ 0 0 ¢¢

ClearAll [MetricUp];



MetricUp[a_][{t , r_ , 6 , ¢ }] := Block[{tt, rr, 60, 66, to, =, A},

= =r?+a?cCos[o]%;
A=r2-2r+a’;

2r (r'2+a2)

tt=-1- ———;
A=
rr=A/3;
66 =1/ 3;
(a-a*sin[e]?)
o9 = H
Az Sin[e]?
r
tg =-2a—;
AZ
tt 0 0 t¢
e rr 06 0 .
@ 0 60 0 ]’
t¢ 06 0 oo

(»change 6 to @~w, change ¥ to 0~2mx)
ClearAll [WrapAngle];

WrapAngle[al_, a2_] := Module[{x1 = al, x2 = a2},
While[x1 > 7, x1 = x1 -2 x];
While[x1 < -7, x1 = x1+27];
If[x1<9, x1=-x1; X2 =x2+7];
While[x2 2 27, X2 = X2-27];
While[x2 < @, X2 = x2 + 2 7] ;
{x1, x2}];

(*ZAMOx)
ClearAll[LocalTetrads];
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LocalTetrads[pos_, metric_] := Module[{ee, el, e2, e3, gtt, grr, goo, goo, gto},

{gtt, grr, goe, géd, gte} = Extract[metric, {{1, 1}, {2, 2}, {3, 3}, {4, 4}, {1, 4}}];

€0 = +/ (- (g¢d / (gttgod -gtogte))) {1, 0, 8, - (8td / gdd) }; (*eyx)

el={0, - (1/ (y/8rr)), @, 8}; (xerx)
e2 = {0, 0,1/ (1/g66), 0}; (*eo*)
e3=1{0,0,0, - (1/(/808))}; (xesx)
{e0, el, e2, e3}];

(xget the initial direction of the light and the upper index 4-velocityx)

ClearAll [GetRayDirection];

GetRayDirection[metric_, pos_, fov_, npix_J[i_, j_] :=
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Module[{)tdot, xscr, yscr, 6x, yx, vel, eo, el, e2, e3, x},
{xscr, yscr} = (2Tan[fov /2] / npix) (#- (1/2) (npix+1)) & /@ {i, j};
{ex, ¥x} = WrapAngle[2ArcTan[(1/2) (+/ (xscr®+yscr?))], ArcTan[-yscr, -xscr]];
vel = Ne {Cos [6x], Sin[6x] Cos [¢¥x], Sin[6x] Sin[yx]};
{e0, el, e2, e3} = NeLocalTetrads [pos, metric];
xk =1;
Adot = -xe0 + vel[1] el + vel[[2] e2 + vel[3] e3;
Adot ] ;

(xcalculate the upper index 4-velocity of the disk fluidx)
ClearAll [uDisk];

ubisk[a_, r_, 6_, ¢_] :=
Module|{ut, ur, ug, X, 4, gUPtt, guPte, guPS, gdountt, gdownte, gdownds, gdownrr},

If [r > rISCO,

(»outside the ISCO«x)

r3+a? (2+r)
r (a%+(-2+r) r)
ut = N E
1 (a-2a '\/FH‘Z)Z
(a%+ (-2+r) r) (a+r‘3’2)2
ur = 9;

r3+a? (2+r)
r (a?+(-2+r) r)
ug = 35

3/2 _ (a2-2a r+r?)?
(a *r ) \/1 (a%+(-2+r) r) (a+r‘3’2)Z
(*inside the ISCO«x)

Z:PZ;

A=r2-2r‘+a2;

2r (r2+az)

guptt = -1-
AZ
r
gupte = -2a —
AZ
A - a2

gupe¢o = H
A%

gdowntt = - (1- (2r) / 2);
gdowntg = - (1/32) <2ar;
gdowngep = r>+a*+ (1/3) <2a’r;
gdownrr = =/ A;

ut = -eISCO guptt + 1ISCO gupto;
ug = -eISCO gupteo + 1ISCO gupod;
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gdowntt ut? + 2 gdownt¢ ut ug + gdownge ug? + 1 ]
ur = - oo
- gdownrr 12

{ut, o, ur, uqb}];

(*Emission profilex)

1

J[r_] := Exp[—; Log[ r

2—2Log[ i

horizono ] horizon@ ] ] ’

(*numerical solve the eom of a single rayx)
ClearAll[TraceSingleRay];

TraceSingleRay[a@_, pos_, fov_, npix_][i_, j_] :=
Module[{)LF = 3000, metric, horizon, Adot, eqns, EQ, LO, idata,

initialConditions, sol, frame, momentum, eom, intensity = 0,
redshift = 1, redshiftl = 1, redshift2 = 1, imgorder = 0},
horizon = Ne (1++/ (1 -a@?));
metric = MetricDown[a@] [pos];
Adot = GetRayDirection[metric, pos, fov, npix] [i, j];
momentum = metric.dot;

{EQ, LO} = {-momentum[1], momentum[4]};
idata = Join[pos, {momentum[2], momentum[3]}];

initialConditions = Thread[{t[O], r[@], 6[0], ¢[O], pr[@], pe[@]} == idata];
eom = Thread[{t ' [A], r'[A], ©"'[A], @ '[A], pr'[A]l, pO©'[A]} == Deom];
egns = N[Join[eom, initialConditions] /. {a » a@, EE » EQ, LL » LO}];
sol = NDSolve[eqns, {t, r, 8, ¢, pr, pe}, {2, 0, AF}, Method » {"EventLocator",
"Event" - {r[A] -1.01 horizon, r[A] - 10000 horizon, 6[A] - g}, "EventAction” :»
{Thr‘ow[AF = A, "StopIntegration"], Throw[AF = A, "StopIntegration"],

imgorder = imgorder +1;
I-F[l.al horizon < r[A] < 60 horizon,

1

redshift = - 5
uDisk[a@, r[A], 6[A]l, ¢[A]].{E@, -pr[A], -pe[A], -LO}

intensity = intensity + redshift3 « I[r[a]];
If[imgorder == 1, redshiftl = redshift];

If[imgorder == 2, redshift2 = redshift] ,]}

}s

{intensity, redshiftl, redshift2, imgor‘der‘}];
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(*Progress Indicatorx)
ClearAll [MonitorParallelTable];

MonitorParallelTable[expr_, npix_] := Module[{res, iterCount = npix’, progress = @},

SetSharedvariable[progress];
res = Monitor[ParallelTable[ (progress ++;

expr[j, i]1), {i, 1, npix}, {j, 1, npix}],
Column[ {ToString@progress <> " of " <> ToStringe@iterCount,

ProgressIndicator[progress, {0, iterCount}]}, Alignment - Center]];
UnsetShared[progress];

res];
(»trace all raysx)
ClearAll[TraceRay];

TraceRay[a_, pos_, fov_, npix_] :=
MonitorParallelTable[TraceSingleRay[a, pos, fov, npix], npix];
Print["--—-——— -~ Done

(*Begin herex)
ClearAll[result]

ad = 0.99;

horizon® = 1+ /1 -a0@’;

(%! tATTENTION! ! %)

(*»!!These three numbers should be caculated by another code!!x)
rISCO = 1.4545; 1ISCO = 1.56836; eISCO = 0.73597;

pos = {0, 500, 80/ 180, 0} ;

fov = 3/ 180;

npix = 256; (*should be evenx)

AbsoluteTiming[result = TraceRay[a@, pos, fov, npix];]

our - {117.838, Null}
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(*plot intesityx)
intenplot = Re@result[All, All, 1];

Imax = Max[intenplot];

pltint =
MatrixPlot[intenplot, DataReversed -» {True, False}, AspectRatio -» 1, Frame -» False,

ColorFunction - Function[a, RGBColor | (a/ Imax)*/*?, (a/Imax)**, (a/Imax)?]],
ColorFunctionScaling -» False, PlotLegends - None]

(xGraphicsRow[{pltint,BarLegend |

{Function|a,RGBColor | (a/Imax)*/*?, (a/Imax)*’*, (a/Imax)?]],{@,Imax}}]}]+*)

out[]=
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(*plot redshift for n=1x)
pltrsl = ArrayPlot [Re@result[All, All, 2],

Shaesel SCER 2 [£8B
DataReversed - {True, False}, PlotLegends -» Automatic,
HOREEIE = R LEREDG Bzh
ColorFunction » Function[a, RGBColor[If[a<1,1, 3% (1-a)], If[a<1l,a,3%(1-a)],
PREBERIEL SREREL RGBEIE [UN8R R
Iffa<1l,a,1],1-1/(1+ (a-1)"2/0.085)]], ColorFunctionScaling - False]
R PR BRERAR T 1’

Outf]=
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(*plot redshift for n=2x)
pltrs2 = ArrayPlot [Re@result[All, All, 3],

DataReversed » {True, False}, PlotLegends - Automatic,
ColorFunction » Function[a, RGBColor[If[a<1l, 1, 3% (1-a)], Iff[a<1l,a,3*(1-a)],

Iffa<1l,a,1],1-1/(1+ (a-1)"2/0.085)]], ColorFunctionScaling - False]

out[+]=
0.5
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(*plot the maximum number of times that the ray crosses the equatorial planex)

plttimes = MatrixPlot[result[All, All, -1], DataReversed » {True, False},
[EpE 2% (288 Eeaies = &

AspectRatio -» 1, Frame - False, PlotLegends -» Automatic]
[z=msty Lo LB |E0EE L&z

Out[+]=
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n/-1= ColorData["Gradients"]

AR
Grid[Partition[Show[ColorData[#, "Image"], ImageSize - 110] & /@
BF XD S |[EneEE Ef& BEGRT
ColorData["Gradients"], 4, 4, 1, {}], Spacings » .5]
PREEHE =145

ou-}= {AlpineColors, Aquamarine, ArmyColors, AtlanticColors, AuroraColors, AvocadoColors,
BeachColors, BlueGreenYellow, BrassTones, BrightBands, BrownCyanTones,
CandyColors, CherryTones, CMYKColors, CoffeeTones, DarkBands, DarkRainbow,
DarkTerrain, DeepSeaColors, FallColors, FruitPunchColors, FuchsiaTones, GrayTones,
GrayYellowTones, GreenBrownTerrain, GreenPinkTones, IslandColors, LakeColors,
LightTemperatureMap, LightTerrain, MintColors, NeonColors, Pastel, PearlColors,
PigeonTones, PlumColors, Rainbow, RedBlueTones, RedGreenSplit, RoseColors, RustTones,
SandyTerrain, SiennaTones, SolarColors, SouthwestColors, StarryNightColors,
SunsetColors, TemperatureMap, ThermometerColors, ValentineTones, WatermelonColors}
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nf-1= (*Export FileName:loin[{NotebookDir'ector'y[],"r‘s_-Fov“<>ToStr‘ingL-Fov*1—3e <>
S B HEIEICARIER AR TR

"d_a"<>ToString[1000 a@] <>"_obs"<>ToStr‘inngos 31 *1—:0 ] <>"d.png"}] >
AR RTER RN

pltg,ImageSize- 1600, ImageResolution—»SOO] *)
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